Untyped (pure) A-calculus Frege's principle Typed A-calculus Towards a NL fragment
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Syntax

Let V be a countable set of variables. The set of all well-formed
terms, A, is defined inductively as follows :

e VCA
e M\x.tel Vx e V,Vtel
° (1)t €A Vi, th € A
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Syntax (cont'd)
The term (Ax.(x)x)y has this syntactic structure :
af (Ia(x, 3 (x, X)), y)
af
la y
x  af
PN
X X
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Variable substitution

® X[x::z] ~ Zz

° Y[x:=z] M'}ySiy#X

° (M)N[X::z] ~ (M[x::z])N[x::z]
° )\X‘M[XZ:Z] ~ )\Z‘M[XZ:Z]
°

)\.y'M[XZ:Z] ~ )\.y'M[XZ:Z] if x £y

Towards a NL fragment
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Term substitution

® Xx:=t] ™ t

® V=t] Y Si Yy F X
(M)N[X:zt] ~ (M[x:zt])N[x::t]

AY -My.—g ~ Ay.-Mjy.—q if y is not free in t.
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« equivalence

AX.p = AZ.P[x=g

Towards a NL fragment
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Convention on variables

Let M be a term, x a variable. By convention, the occurrences of x
in M are either all free or all bound.

It can be shown that every term constructed without respecting this
convention is a-equivalent to a term that respects the convention.
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Combinators

Towards a NL fragment

00000000

A combinator is a closed A-term (ie without free variable)
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|dentity
| =gef AX.x
For any term t : (Nt =t
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Booleans

T =def AX.Ay.X
F =def AX.Ay.y

This encoding allows to encode an if-then-else function :
if P then Q else R =4¢ ((P)Q)R.

if P is S-equivalent to T then ((P)Q)R will yield Q, while if P is
B-equivalent (or -reduces) to F, the outcome will be Q.
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The IF combinator

IF =det ABAEAF.((B)E)F

NOT =ger Au.((u)F)T
AND =g¢f AuAv.((u)v)F
OR =get AuAv.((u)T)v

Towards a NL fragment
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Churc

0 =gef M. AX.X

1 —def )\f/\X(f)X

N =get AFAX(F)(F) ... (F)x
with n times f

Typed A-calculus Towards a NL fragment
3 3
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Succ =ger ANAFAX(F)((n)f)x
+ = AmAnAf 2 x.((m)f)((n)f)x
* = Am.Anf.(m)(n)f
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